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Abstract We employ maximum likelihood estimators to
examine the Pantheon+ catalogue of Type Ia supernovae
for large scale anisotropies in the expansion rate of the
Universe. The analyses are carried out in the heliocentric
frame, the CMB frame, as well as the Local Group frame.
In all frames, the Hubble expansion rate in the redshift
range 0.023 < z < 0.15 is found to have a statistically
significant dipolar variation exceeding 1.5 kms~! Mpc~!,
i.e. bigger than the claimed 1% uncertainty in the SHOES
measurement of the Hubble parameter Hy. The deceleration
parameter too has a redshift-dependent dipolar modulation
at > 5o significance, consistent with previous findings using
the SDSSII/SNLS3 Joint Lightcurve Analysis catalogue. The
inferred cosmic acceleration cannot therefore be due to a cos-
mological constant, but is likely a general relativistic effect
due to the anomalous bulk flow in our local Universe.

1 Introduction

The standard ‘Lambda Cold Dark Matter’ (ACDM) cos-
mological model is based on the Friedmann-Lemaitre—
Robertson—Walker (FLRW) metric which describes maxi-
mally symmetric space-time. The Friedmann-Lemaitre equa-
tions hold in the ‘cosmic rest frame’ (CRF) in which all
galaxies recede from each other in the Hubble expansion and
the cosmic microwave background (CMB) looks isotropic.
In the real Universe, the CMB has however a pronounced
dipole anisotropy; this is interpreted as due to our ‘pecu-
liar” motion (because of local inhomogeneities) with respect
to the CRF [1]. Accordingly cosmological observables, e.g.
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redshifts and apparent magnitudes of Type Ia supernovae
(SNe Ia), as measured in our heliocentric frame, are boosted
to the CRF to be analysed in the FLRW framework. Data on
SNe Ia [2], small-angle CMB anisotropies [3], galaxy clus-
tering and weak lensing [4], baryon acoustic oscillations [5]
etc, are all analysed assuming FLRW and are concordant with
the ACDM model.

The FLRW assumption is however now challenged
because the dipole anisotropy measured in the sky distri-
bution of cosmologically distant sources does not match
that expected from the kinematic interpretation of the CMB
dipole [6]. This crucial consistency test, performed with mul-
tiple independent flux limited surveys in radio and infrared,
from both ground and space based observatories, rejects
the FLRW assumption at over 5o [7-9]. Moreover, long-
standing indications of a large-scale coherent component to
peculiar motions in the local Universe, first traced out to ~
2004~ ! Mpc using SNe Ia as independent distance indicators
[10,11], has recently been confirmed by the CosmicFlows-
4 survey using Tully-Fisher and Fundamental Plane dis-
tances; this bulk flow deviates from the ACDM expectation
by 4-50 [12,13]. These anomalies have however received
less attention than the discrepancy, within the FLRW frame-
work, between the Hubble parameter Hy inferred from CMB
anisotropies [3] and determined from the SNe Ia Hubble dia-
gram in the local Universe [14].

Additionally, when the SDSS-II/SNLS-3 Joint Lightcurve
Analysis (JLA) catalogue of SNe Ia [15] was analysed in the
heliocentric frame (after removing demonstrably incorrect
peculiar velocity corrections), the inferred acceleration of
the expansion was found to be anisotropic, with the dipole
component of the deceleration parameter gg dominating over
its monopole component out to redshift z ~ 0.1 [16]. Accel-
eration due to A must be isotropic, so this rejects the ACDM
model, at 3.90. Such a dipole is a characteristic signature
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Fig. 1 Mollweide sky map of all 1533 unique Type Ia supernovae in the Pantheon+ catalogue, plotted in Galactic co-ordinates. The colours refer

to the individual sub-catalogues, listed in Ref. [22]

of relative motion, so the observed anisotropic acceleration
is likely a general relativistic effect due to our observations
being carried out from within the local bulk flow which is
contracting, especially since the dipole in g is seen to decay
with redshift as is expected for a decaying flow [17,18].!
These developments warrant a reexamination of the lat-
est public compilation of SNe Ia data, the Pantheon+ cata-
logue [22] described in Sect. 2. In Sect. 3, we outline our
analysis which, as in previous work [16], is based on a cos-
mographic expansion of the luminosity distance in redshift,
using an unbiased Maximum Likelihood Estimator [23]. We
scrutinise the data for any anisotropy in the Hubble parameter
Hy or the deceleration parameter go and detect a significant
dipole asymmetry in both. In Sect. 4 we discuss how this
might arise due to our being ‘tilted observers’ embedded in
a fast and deep bulk flow. In Sect. 5 we compare our results
with related work, and present our conclusions in Sect. 6.

2 The Dataset — Pantheon+

The Pantheon+ compilation[22] (see Figs. 1, 2) consists of
data from 1701 observations of spectroscopically confirmed
SNe Ia amalgamated from many different surveys, of which
we find 1533 are unique events (i.e. not multiple observa-

' Analysis of the peculiar velocity field reconstructed from the 2M++
survey [19] indicates that the local bulk flow is contracting on average
[20]. However CosmicFlows-4 data shows the bulk velocity still rising
out to ~ 200k 1 Mpc [12]; this may be due to cosmic variance, since
the velocity profile around an individual observer need not decrease
monotonically, even though the ensemble average does so [21].
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tions of the same supernova). Of the 740 SNe Ia which made
up the JLA sample [15], 584 were included in Pantheon+
after quality cuts. Of the additional 949 SNe Ia, 446 have
been added at redshift z < 0.1 as seen in Fig. 2; of these,
66 are below the lowest redshift (z = 0.00937) in the JLA
catalogue.

The Pantheon+ catalogue, like JLA, is disseminated with
the data already corrected for peculiar velocities [24] — both
our velocity (in the heliocentric frame) of 369.8 km s~!
w.r.t. the CRF [3], as well as that of the host galaxy of
each supernova w.r.t. the CRF. The model [19] employed
for making these corrections infers the peculiar velocity
field from the 2M++ density field using linear Newtonian
perturbation theory; according to this model, a bulk flow
of 159 4 23 km s~! continues outside the survey volume
(r > rmax ~ 200h~'"Mpc) at > So significance. Unlike in
JLA, the peculiar velocity corrections in Pantheon+ do not
terminate at rpax Which would introduce an unphysical dis-
continuity as noted earlier [16]; rather, to ensure a smooth
transition the bulk flow is modelled as a decaying function
according to the ACDM expectation [24], thereby extending
the peculiar velocity corrections to all SNe Ia in the cata-
logue.? Note that although the peculiar velocity corrections
are small in amplitude relative to the Hubble flow beyond
rmax, they are directionally coherent.

Pantheon+ employs different terminology from JLA;
while the redshifts corrected for both observer and SNe Ia

2 Peculiar velocities v are defined as the residual velocities of objects
at distance d, after the isotropic Hubble expansion is subtracted out, i.e.
v = cz — Hyd. Note that this decomposition is a Newtonian concept.
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250 Panth'eon + which is modified to account for our local peculiar velocity
JLA thus [33]:
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Fig. 2 Distribution of heliocentric redshifts in the Pantheon+ SNe Ia
catalogue [22], compared to the SDSS-1I/SNLS3 Joint Lightcurve Anal-
ysis (JLA) catalogue [15]

motion were called zcyp in JLA, they are called zyp in Pan-
theon+, referring to the redshifts used to construct the ‘Hub-
ble Diagram’ (HD); note that this is just the usual redshift
z in the CRF of the assumed FLRW model i.e. zyp = z.
Now zcwmp refers to redshifts which are corrected only for the
observer motion w.r.t. the CRF. Unlike JLA, the covariance
matrix for each source of correlated systematic uncertainties,
e.g. calibration, dust, extinction and peculiar velocities, are
no longer provided separately, however these can be obtained
following Ref. [25]. We note that the diagonal covariance
terms in the Pantheon+ covariance matrices are much larger
than in JLA (see Fig. 11).

3 Analyses

The Pantheon+ analysis [2] follows previous work (e.g.
Refs. [15,26,27]) in using the ‘constrained x 2> gtatistic in
which error bars are adjusted until a good fit with y2/d.o.f=1
is obtained. This is however quite unsuitable for goodness-of-
fit testing or model selection [28]. We use therefore the maxi-
mum likelihood estimator (MLE) constructed to enable a sta-
tistically principled treatment of the intrinsic scatter in SNe Ia
data [23]. Our approach is frequentist, but completely equiva-
lent to employing a Bayesian Hierarchical model [25,28-30].
We employ the cosmographic Taylor expansion for the
luminosity distance dy (related to the distance modulus as
u = 25+ 5log(dr /Mpc)) to 3rd-order in redshift, in terms
of the Hubble velocity (Hy = (a/a)|,—o), deceleration (go =
(ai/a*)|.—0) and jerk (jo = (a®@/a>)|.—o) parameters [31,
32], where the overdot signifies the time derivative d/dz:

G =11+ 024
LZ—HO ) q0)2

1 ) kc?
—2 (1 —q0—3q3+Jo+—>Z2], (1)

22
Hjag

where zpe refers to the measured redshift in the heliocen-
tric frame. This ensures that d; = (1 + zpe]) X (comoving
distance) [33] and we use this for the present analysis. For
FLRW cosmologies, go = Q2m/2 — 24, hence the fiducial
flat ACDM model with Q, = 0.315, Q4 = 0.685 [34] has
qo = —0.528 and jy = 1 [35]. To ensure good convergence
(within 2%) of the Taylor expansion, we consider only super-
novae at zpe] < 0.8, thereby excluding 31 SNe Ia and leaving
1670 for our analysis.

The covariance matrix in Pantheon+ differs from JLA, in
providing only an ‘N x N’ covariance matrix, where N is the
number of SNe Ia. By contrast, JLA provided the full ‘3N x
3N’ covariance matrix which included for each supernova
the covariance between the observed peak magnitude m p (in
the rest frame ‘B’-band) and the ‘stretch’ (x1) and ‘colour’
(c) standardisation made in the Spectral Adaptive Lightcurve
Template 2 (SALT2) fitter [36]. The SALT?2 parameters yield
the distance modulus via the Phillips-Tripp formula[37,38]:

MBeorr = Mp +ax; — B,

3

M = MmBcorr — M — Sbias + Shosts

with M being the absolute magnitude, 8y, the ‘selection bias
correction’ and Jpg the ‘host-galaxy correction’. The JLA
covariance had the form [15]:

2
Omg, Omp.x1, Omp,c;
1

JLA 2
G = | omp.x, Ox, Ox.q |> “

2
Oxi.c; O,

Omp,ci Ci

whereas the Pantheon+ covariance matrix is: CPantheon+; -y

= Caaheont (i, j) 4 CEamheon i, j), with the statistical part

being [2]:

Pantheon+ /. -
Citat @)

o2 i=7

© =/

o Gﬂzoor + aéns + UZZ + szpec i # jand SN; = SN;.
(5)

Here the uncertainty in the distance modulus is:

2 2 2 2
0,0 = [(@i, ¢is Myi)Oneasi + Ofioor (Zis Cis Mixi) + Opgpg ;
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+Gzz,i + vaec,i ’ (6)

where opyeqs denotes the measurement uncertainty of SALT2
light curve fits (scaled by a factor f;; ¢; m,, to account for
selection effects) and ofoor, Olens, 07 and Ovpee TEPresent,
respectively, the floor in standardisability (due to intrinsic
unmodeled variations in SNe Ia), gravitational lensing uncer-
tainty, redshift measurement uncertainty, and peculiar veloc-
ity uncertainty.

We remove the selection bias corrections that were applied
to the SNe Ia magnitudes as these were calculated assuming
the ACDM model. As stated in Ref. [2], the bias corrections
Obias added to m pcorr in Eq. (3) in Pantheon+ are of opposite
sign to the corrections made in JLA so in our case these are
added.?

Pantheon+ provides the ‘Phillips-Tripp corrected’ mag-
nitude mpcorr Which can be used directly with the pro-
vided ‘N x N’ covariance matrix. Note however that this
light curve standardisation has been done allowing x; and
¢ to be both sample and redshift-dependent, as advocated
in Refs. [33,39], even though this undermines the case for
assuming that M is not dependent on redshift, i.e. that SNe Ia
are indeed standard(isable) candles [40].

To illustrate the effects of such ad hoc corrections and
enable comparison with results obtained using different
methodologies, we carry out two types of analyses:

C1: We use the ‘N x N’ (N being the number of SNe Ia)
statistical+systematic covariance matrix and the (sam-
ple and redshift-dependent) ‘Phillips-Tripp corrected’
magnitude mpeorr (3) provided with the Pantheon+
dataset [2]. However, rather than the statistically unprin-
cipled ‘constrained x2’ method, we use the MLE [23]
with the likelihood:

o] = / Pl oo M1 x pLMIO1AM, ™

where the hat refers to the observed quantity, and p
to the underlying probability distribution of the true
data. Here p[M|0] is taken to be a Gaussian (follow-
ing Ref. [23]) with My as the central value and oy,
its variance: p(M|0) = (2mogy )~ "/?exp({—[(M —
Mo)/owm,1*/2)).

The likelihood is then simply obtained by analytic inte-
gration [23]:

L= 27(2q+ AT s)71/?
x exp[—(Z — Yo)(Za + AT HZ - Y9)T /21, (8)

3 If the bias corrections are not removed, the statistical significance of
the dipole in go remains unchanged (within 1o7), however its monopole
component becomes more negative in all frames.

@ Springer

where the vector Z = {Mpcorr — U1, ...}, ; being the dis-
tance modulus estimated from theory. Here Yo = {Mp, ...}
is the vector of the mean of the Gaussian model of M, X,
is the covariance matrix (which includes both statistical and
systematic terms) and ¥; = diag(a/%,lo, ...) is the matrix con-
sisting of the variance of the Gaussian model.

Analysis C1 thus involves evaluating the cosmological
parameters (qo, jo — $2«), as well as Mo and oy,.

C2: In order to propagate the uncertainties from the SNe Ia
light-curve correction process to cosmological param-
eter inference more faithfully, we perform a second
type of analysis, employing the apparent magnitude m p
(which is not ‘Phillips-Tripp corrected’). We use the
covariance matrix from Ref. [25] whichisa ‘3N x 3N’
covariance matrix built using the SALT?2 variances from
the Pantheon+ dataset. Since some elements make the
covariance non- ‘positive semi-definite’, 17 SNe Ia (of
which 15 are unique) are removed,* leaving 1653 for
our analysis. This covariance has the structure:

2
Omp, Omp.x1; Omp.ci
Oxi,ci |» ©)]

2
Oxi,ci GCi

Ci =

2
Omp.x;; O,

Omp.ci

and is constructed by using the SALT2 uncertainties
from the Pantheon+ dataset. Furthermore the lensing
variance o2, (= 0.055zcmp) [41] and the redshift vari-
ance o, are added to the first element of each diago-
nal block. Finally, the systematic and covariance due
to duplicates are added separately. Thus the peculiar
velocity and other model-dependent variances are not
included, unlike the covariance matrix provided with
the Pantheon+ dataset [2].

The likelihood is then [23]:

101 = plGig, £1,)/6] =/p[(m3,ae1,é>|<M,x1,c)]
« p[(M, x1, ¢)|0] dMdx,dc, (10)

where the hats above refer to the observed quantities and p to
the underlying probability distributions of the true data. Here
plx1]6] and p[c|0] are taken to be Gaussian with mean x1 g
and ¢, and variances oy, , and o, respectively. For the anal-
ysis C2, we employ sample and redshift-independent Gaus-
sian parametrisations for both x; and ¢ [16,23]: p(x{]6) =
Qrag ) exp({—1(x1 — x10)/0x,,12/2)), pleld) =
@roZ) 2 exp({—[(c — c0)/0¢)?/2}), and p(M|0) =
Qroy,) "2 exp({—[(M — Mo)/owm,]*/2}). The likelihood

4 In fact there is one more, but it is in the already excluded set having
z>0.8.



Eur. Phys. J. C (2025) 85:596

Page 50f20 596

is again obtained by analytic integration [23]:
L= 2n(Sq + ATz 4712
x exp[—(Z—=YoA)(Za+AT £,A) " (Z—YoA)T 2],
(11)
where the vector Z = {iiig) — Ui, x1,¢, ...}, Yo =

{Mo, x1,0, co, ...} is the vector of the mean of the Gaussian
models and

1 00
—a100
A=1801
0
Here X is the covariance matrix (which includes both statis-
tical and systematic terms) and ¥; = diag(af,lo, afl 0’ oczo, ...

is the matrix consisting the variance of the Gaussian mod-
els. Analysis C2 thus involves evaluating the cosmological
parameters (go, jo — $2k), and simultaneously all the Phillips-
Tripp light curve standardisation parameters (c, 8, x1,0, Ox10
€0, Ocy) as well as Mo and oy,

In addition to zper and zemp. the redshifts in the helio-
centric and CMB frames, we also consider zj g, the redshift
boosted to the Local Group (LG) frame. This is obtained
using [42,43]:

(14 z16) = (1 + zhet) X (1 4+ ZLG-hel) (12)

where z1.G-hel = / ;gig—w —1 and UpG_sun is the velocity
of the Local Group frame relative to the heliocentric frame.
We adopt the values given in Table 3 of Ref. [3]. The Sun’s
motion around the Galaxy is roughly in the opposite direc-
tion to the CMB dipole hotspot, so while the heliocentric
frame moves wrt the CMB at 369.82 4 0.11 kms ™! towards
[ [deg] = 264.021 £ 0.011, b [deg] = 48.243 £ 0.005,
the LG moves wrt the CMB at 620 + 15 kms™! towards
[ [deg] =271.9 £2.0, b [deg] =29.6 + 1.4

For comparison with previous results [2], we also make
corrections for both our motion as well as that of the SNe Ia
host galaxies (which have a peculiar redshift z;,), to obtain
the redshifts required to construct the Hubble diagram:

14z
ZHD=ﬂ—1, (13)
1+Zp

Note that this is just the usual redshift z of FLRW mod-
els in the CRF, in which the Hubble expansion of galax-
ies should be isotropic. However the recent finding that the
dipole anisotropy in the sky distribution of distant radio

5 This is why the dipolar asymmetry in the Hubble expansion rate or in
the deceleration parameter reverses sign in going from the heliocentric
frame to the CMB frame, as shown later in Figs. 3 and 9.

sources and quasars does not match that expected due to
our peculiar motion, as reflected in the CMB dipole [7-9],
casts doubt on whether this procedure for ‘isotropising’ the
data is in fact valid.

3.1 Anisotropy in the Hubble expansion rate

We investigate first the anisotropy in Hp by parameterising
it as:

H = Hyp+Hg-f (14)

where Hy, is the monopole and H 4 is the dipole component.
We fit this to data in the redshift range z = 0.023 — 0.15 with
487 supernovae for analysis C1, and 480 supernovae for anal-
ysis C2. (The remaining 7 supernovae make the covariance
matrix for analysis C2 non-‘positive semi-definite’, hence
have been excluded from the analysis.) All cosmological and
light-curve parameters (qo, jo — Sk, @, B, x1,0, €0, Ox; and
o.) are fixed, and we estimate only Hy, and H 4 together in
direction 71, in both analyses C1 and C2.

In Tables 1 and 2, the cosmological parameters (and the
Phillips-Tripp light curve standardisation parameters, in case
of analysis C2) are fixed to two sets of values:

(i) From the Pantheon+ analysis over the whole redshift
range [2],

(i1) The standard flat ACDM model values (g0 = —0.53, jo
—Qr=1).

Tables 3 and 4 present the results when all parameters are
evaluated simultaneously. Now the ALLHy,_, entries corre-
spond to the difference between the maximum log likelihood,
and its value when H g is set to zero. Assuming that this fol-
lows a x? distribution (with 3 d.o.f.). Wilks’ theorem [44]
can be employed to compute the statistical significances; we
have checked that the pull distribution [23] is in fact nar-
rower than Gaussian, so this procedure is conservative [45].
Figure 4 shows the sky directions.

Now we divide the full Pantheon+ sample of 1670 SNe Ia
(1653 for analysis C2) into 17 sub-samples or ‘shells’, each
containing 100 SNe Ia (except for the last (highest redshift)
shell which contains 70 for analysis C1 and 53 for analysis
C2). For each shell, all cosmological and light curve cor-
rection parameters are fixed to the best-fit values obtained
from the Maximum Likelihood Estimate for the full sample.
Within each shell, a fit is performed to a scale-independent
dipole, with the direction fixed to the CMB dipole direction.
In Fig. 3, we plot these dipoles in the Hubble expansion rate
in each shell along with their 1o confidence intervals, against
the median redshift of the corresponding shell.

@ Springer
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Table1 Estimates of H, and Hq (in direction 71 : lg, bq) in the redshift
range z = 0.023 — 0.15 in analysis C1 (sample and redshift-dependent
light curve standardisation) while fixing all other parameters. Here «

denotes the statistical significance with which the ‘no-dipole’ hypothe-
sis is rejected according to the likelihood ratio, by Wilks’ theorem (with
3d.o.f)

Frame gm, Jo set at Hp (km s~ 'Mpc—1) Hg (km s~'Mpc—1) Iq (deg) ba(deg) ALLH| g, =0 o
(i) Hel —0.049, —0.94  70.6%03 -2.0%99 188.8 36.6 18.1 3.50
(i)  Hel —0.53, 1 71.6703 23707 187.7 414 34.9 530
(i) CMB —0.24, -0.33 71.3793 2911 321 23 16.6 330
(i)  CMB —0.53, 1 71.9%03 24419 321.1 -24 18.7 3.60
) LG —0.03, —1.04 704103 27408 241.1 27.4 38.8 5.60
(i) LG —0.53, 1 71.5%03 29108 2393 326 71.1 7.90

Table 2 Estimates of Hy, and H 4 (in direction 7 : lg, bg) in the redshift
range z = 0.023—0.15 in analysis C2 (sample and redshift-independent
light curve standardisation), while fixing all other parameters. Here «
denotes the statistical significance with which the ‘no-dipole’ hypothe-
sis is rejected according to the likelihood ratio, by Wilks’ theorem (with

3 d.o.f.). For analysis C2, we have set o7, = 0.135 which is the best-fit
in the range z = 0.023 — 0.15; if we instead set oy, = 0.2 (which is
the best-fit in the full range z = 0 — 0.8), then « is 1.8, 3.5 and 3.2
respectively, for the heliocentric, CMB and Local Group frame

Frame gm, Jo set at Hp (km s~'Mpc™1) Hg (km s~ 'Mpc~1) lq(deg) ba(deg) ALLH| g =0 o
) Hel 0.379,~1 703713 —-1.8%09 174.7 21.1 12.0 270
(i)  Hel -0.53, 1 72147 22103 172.7 333 20.5 3.80
) CMB 0.127,-0.781 71077 2793 313.2 14.9 335 5.20
(i) ~ CMB —0.53,1 723411 2.8410 314.0 6.7 273 4.60
) LG 0.447, —1.05 70.1%17 -2.2%07 235.5 17.3 30.1 480
(i) LG —0.53,1 72.1%]) 26701 2325 29.3 44.7 6.10

Table 3 Estimates of Hy, and Hq (in direction 71 : lq, bq) in the red-
shift range z = 0.023 — 0.15 in analysis C1 (sample and redshift-
dependent light curve standardisation), while simultaneously fitting all

other parameters. « is the statistical significance with which the ‘no-
dipole’ hypothesis is rejected according to the likelihood ratio, by Wilks’
theorem (with 3 d.o.f.)

Frame Hpp (km s~ 'Mpc~1) Hg (km s~ 'Mpc~1) Iq (deg) bq (deg) qm Jo— Q% ALLH|g,—0 a

Hel 69.8%10 -2.2%08 188.4 347 108 213 29.8 480
CMB 70.141% 2249 321.8 2.6 077 —134 19.5 370
LG 69.9110 —2.9%07 2384 326 .02 234 65.3 7.60

Table 4 Estimates of Hy, and Hq (in direction 7 : lg, bq) in the red-
shift range z = 0.023 — 0.15 in analysis C2 (sample and redshift-
independent light curve standardisation), while simultaneously fitting

all other parameters. « is the statistical significance with which the
‘no-dipole’ hypothesis is rejected according to the likelihood ratio, by
Wilks’ theorem (with 3 d.o.f.)

Frame Hpy (km s~ 'Mpc~1) Hg (km s~'Mpc~1) Iq (deg) bq (deg) gm Jo — S ALLH| g, =0 o
Hel 70.241 ¢ -2.1%0% 177.2 34.0 216 —36.1 18.0 350
CMB 70.5%)1 26019 314.8 10.4 135 -272 24.5 430
LG 70.2%1% —2.719% 2333 30.9 210 388 413 5.80
3.2 Anisotropy in deceleration parameter I

90 =qm +4qq- ne”'”, 15)

We now look for a scale-dependent dipolar modulation in
the deceleration parameter g, adopting the same exponential
decay with redshift motivated previously [16]:

@ Springer

with S being the scale on which the dipolar anisotropy dies
out. First, we fix the direction of g4 to the CMB dipole. We
progressively remove the lower redshift supernovae incre-
mentally in steps of about 50 objects in each subsequent
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5.0k C1: sample and redshift dependent 5.0F C2: sample and redshift independent
: colour and stretch correction : colour and stretch correction
2.5 ] 2.5F [ 1
Tl T
fop 0.0 1"}*1 III % IT "l"\ 0.0 |I{\l T l +{IV‘IL' iT
: ERRETERN JiE DHE
S 2.5} ~ | I 1 ZQ ~2.5} I 1 l
3 L l T
T —5.0f } i T -5.0f }
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Fig. 3 Hj evaluated in 17 shells (each containing around 100 super-
novae) plotted against the median redshift of the shells, with all other
parameters held fixed. The analyses are carried out in the heliocen-
tric, Local Group, CMB and Hubble Diagram frames. The parametric
form of the fitted dipole is scale-independent i.e. H = Hy + Hq - 71,
with the direction aligned with the CMB dipole. The error bars denote

step, to check the dependence of the inferred cosmological
parameters on the (heliocentric) redshift range of the sam-
ple.® Note that the inclusion of lower redshift supernovae
makes the dipole more negative, as seen in Fig. 5.

Specifically, with the redshift cut z > 0.00937 (the small-
est redshift in JLA), we examine the 1, 2, ...50 contours
around the best-fit parameters, ¢4 and gn, when all other
parameters are profiled over (Fig. 6). These contours are
obtained using Wilks’ theorem, assuming 2 d.o.f. Itis seen in
Fig. 7 that the standard ACDM values lie outside the 5o con-
tour for both analysis C1 (using magnitudes already corrected
with sample- and redshift-dependent Phillips-Tripp stan-
dardisation) and analysis C2 (incorporating Phillips-Tripp
standardisation with no sample or redshift dependence as
part of the fit) Fig. 6. This confirms at higher significance the
previous result concerning anisotropy of go using JLA [16],
and moreover demonstrates its frame independence.

For the same redshift cut of z > 0.00937, we evaluate the
dipole in the LG and CMB frames as well (Table 5).” We also
extend our analysis to evaluate the dipole direction (with a
redshift cut z > 0.00937), in the heliocentric frame, CMB
frame, and the Local Group frame. Figure 8 shows the best-
fit directions, along with the previous best fit from Ref. [16]
and also the CMB dipole direction.

6 There are 150 duplicate entries in the Pantheon+ catalogue at z < 0.1.
When redshift cuts are applied, this can affect the count of supernovae
e.g.if weapply acutz > 0.01826, then due to a SNe Ia with exactly that
redshift which has been recorded twice, only 249 SNe Ia are excluded
instead of 250.

7 We have checked that our conclusions are unaltered even when we
include SNe Ia at redshift z > 0.8.

+1o uncertainties. The gray shaded region corresponds to the red-
shift range z = 0.023 — 0.15, with its vertical width indicating the
+1 kms~! Mpc~! precision on Hy claimed by the SHOES team [14].
The left and right panels correspond to analysis C1 and analysis C2 —
i.e., respectively, with and without sample and redshift-dependence in
the light curve standardisation

Similarly to the shell analysis for Hgq, (see Sect. 3.1), we
now perform fits for a scale-independent dipole in qo, defined
as:
q0 = qm +qq - A, (16)
with its direction fixed to the CMB dipole direction. This was
done separately for each of the 17 shells, in the heliocentric,
local group, and CMB frames. In all of these, the values of

q 4 decay with redshift, approaching zero for z > 0.1, as seen
in Fig. 9.

4 Theoretical considerations

In general relativity, observers in relative motion experience
different versions of reality. This applies in particular to
observers like ourselves, who inhabit galaxies that are mov-
ing relative to the CRF. We explain below how observers
embedded in a bulk flow can interpret observations to infer
illusory local acceleration due to their peculiar motion, even
if the expansion rate is decelerating globally. Such observers
should see a (Doppler-like) dipole in the sky distribution of
the deceleration parameter o, which should decay along with
the bulk flow. This is the ‘tilted universe’ scenario, origi-
nally introduced in Refs. [17,18] and subsequently refined
and extended [46-48].

4.1 Bulk flows and the peculiar flux

In the presence of peculiar flows, the cosmic fluid is no
longer perfect. The imperfection appears as an energy-flux
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Fig. 4 Mollweide view of the direction of the dipole in the Hubble
parameter in Pantheon+ SNe Ia in the redshift range z = 0.023 — 0.15
for the case when cosmological parameters are fixed to ACDM values,
in the Heliocentric, Local Group, and CMB frames. The (magenta) star
denotes the CMB dipole direction. The solid and dashed lines denote
lo and 30 contours around the best-fit points for analyses C1 in the
top panel and for analyses C2 in the bottom panel, i.e., respectively,
with and without sample and redshift-dependence in the light curve
standardisation. In the bottom panel, the central direction of Hq in the
heliocentric frame is towards / [deg] = 172.7,b [deg] = 33.3, i.e.
outside the displayed quadrant
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Fig. 5 The scale-dependent dipole component of the deceleration
parameter ¢4, evaluated for SNe Ia samples with progressively higher
redshift cuts (z > zmin), in the heliocentric, Local Group, CMB and
Hubble Diagram frames. This is done for both sample & redshift-
dependent (C1, left) and sample & redshift-independent (C2, right)

@ Springer

vector (q,) due to the peculiar motion [49]. On an FLRW
background with zero pressure, the linear ‘peculiar flux’ is
qga = Pvg, Where p is the density of the matter and v, is the
peculiar velocity perturbation.

A bulk flow is matter in motion and its flux also contributes
to the relativistic gravitational effects. Then, for zero pres-
sure, the energy and momentum conservation laws linearise
to, respectively:

o =-3Hp —D%,, and

Aq =—% (Ga +4Hqa) = —Va — Hva. A7)
(See Refs. [49,50] for the nonlinear expressions.) Recall that
ga = pvg to Ist order and p = —3Hp to Oth order. Also,
H is the Hubble parameter and D, is the spatial deriva-
tive operator. According to Eq. (17b), the peculiar flux (g,)
implies, even in the absence of pressure, a non-zero ‘peculiar
4-acceleration’ given by the spatial gradient of Eq. (17a):

1 .
— Dy — —— (Ay+ Z4) .

3aH (18)

where ¥ = D%, and a = a(¢) is the scale factor [46—438].
Here, A, and Z, describe inhomogeneities in the density and
in the universal expansion respectively [49,50].

4.2 Expansion and deceleration tensors

The peculiar 4-acceleration can affect the way relatively
moving observers interpret data; in particular it can reverse
the sign of the inferred deceleration parameter go. The range
of the effect is determined by the speed and the extent of the
bulk flow; since our local flow extends out to several hundred
Mpc, this can create the illusion of recent global accelera-
tion [46,47]. Observers should then see the characteristic

100 C2: sample and redshift independent
75} colour and stretch correction ]
50F I ]
25¢ I ]
o L I L% s3x4ss . ]
o 0 s Figes L S *
_os5t I I : : 1
§ Heliocentric frame (Zhe|)
—50F CMB frame (zcwg) ]
_7st I i CMB frame with ]
velocity corrections (zyp)
—100} Local Group Frame (z6) 1
0.01 0.1

Zmin

lightcurve standardisation. Error bars indicate 1o uncertainties obtained
using Wilks’ theorem. The heliocentric frame result is consistent the pre-
viously reported anisotropy for JLA [16], which had a lower redshift
cut at 0.00937
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Fig. 6 The scale-independent monopole in the deceleration parame-
ter gm, for SNe Ia samples with progressively higher cuts applied in
redshift: z > zmin, in the heliocentric, local group, CMB and Hub-

ble diagram frames. Error bars indicate 1o uncertainties obtained using
Wilks’ theorem. The systematically more negative values of gy, obtained

signature of peculiar motion in the data, namely a (Doppler-
like) dipole in g [17,18]. To the ‘tilted observer’ in the bulk
flow, the expansion rate should appear to accelerate faster
along a particular direction in the sky and equally slower in
the antipodal direction. This is indeed what the SNe Ia data
shows (see Fig. 9).

To see why this is expected to be a local effect which
should fade away on large scales, consider the familiar expan-
sion tensor [49,50]

1
Oup = 3 Ohap + oup (19)
using which we introduce the deceleration tensor:
9 cp dg
Oup = — | hap + E ha“hp®Ocq | . (20)

Here, h,p is the 3-metric, ® is the expansion scalar (with
® = 3H) and o, is the shear tensor. The first tracks
anisotropy in the expansion rate, while the second tracks
anisotropy in its rate of change. The traces of Eq. (19) and
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in analysis C1 (blue points) is because of allowing sample and redshift-
dependence in the light curve stretch (x1) and colour (c¢) standardisa-
tion. In analysis C2 (green points), the averaged monopole is consis-

tent with being zero (see Fig. 7). The dashed horizontal line indicates
qo = —0.53, the expectation in the fiducial ACDM cosmology

Eq. (20) are, respectively, ®,4 = 3H and Q,% = 3q, where
g = —[1+ (30/0%)] = —[1 + (H/H?)] is the familiar
deceleration parameter (we drop the usual subscript o). Sup-
pose now that u, and iz, are the 4-velocities of two observers
in relative motion, with it, = u, +v,. Let us identify the for-
mer observer with the CRF and the latter with a typical bulk
flow with peculiar velocity v,.® To linear order, the differ-
ence between Q,p and Qab is entirely due to the observers’
relative motion, namely:

- 1 .
Qab — Qub = 2q”‘(avb) - m (D(bva)) . (21)

4.3 Bulk flows and apparent acceleration
By taking the trace of Eq. (21) using Eq. (17b) and Eq. (18),

while keeping in mind that |[|/H <« 1 at the linear level
and taking into account the near flatness of the universe, we

8 Tilde denote variables in the matter (i.e. bulk flow) frame, with their
non-tilded counterparts evaluated in the CRF. We consider the LG frame
to be closest to this frame.
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Fig. 7 Contours at 1, 2, 3,4, 5,
6 and 7 o for g and g4 in the
heliocentric, CMB and LG
frames, after applying a redshift
cut of z > 0.00937. The purple
dot represents the best-fit values,
and the magenta star denotes the
expectation in the ACDM
model. The left column is for
analyses C1, while the right
column is for analyses C2, i.e.,
with and without sample and

redshift dependence in the light
curve standardisation

* ACDM
*  Bestfit

53.38

am

A C
+% ACDM
« Bestit

0.0

T
% ACDM
*  Best-fit

T
% ACDM
*  Best-fit

Table 5 Best-fit values for the anisotropy in go, in the heliocentric,
Local Group and CMB frames, and with a redshift cut z > 0.00937,
both with (C1) and without (C2) sample and redshift-dependence in
the light curve standardisation. The fits are better when the direction of
the dipole is left free to be determined, rather than fixed to the CMB

—0.6 -0.5 —04 —03 —0.2 —0.1
m

-16.18

12.30

010 0.1 Ldg.o1

19.33

111.83

40.09

28.70

—2log[L/Lmax]

dipole direction. o denotes the statistical significance with which the
‘no-dipole” hypothesis is rejected according to the likelihood ratio, using
Wilks’ theorem with 2 d.o.f. when the dipole direction is fixed, and 4
d.o.f. when it is left free

Analysis Frame —2logLmax qq S gm Jo — Q% [ [deg], b [deg] ALLH|g,=0 o

C1 Hel —1507 —6.27 0.024 —0.369 0.12 CMB dipole direction 30.5 5.2
C1 Hel —1527 —8.48 0.028 —0.439 0.45 (192.1, 38.5) 49.9 6.3
c2 Hel —184.9 —-31.8 0.0094 0.01 —0.65 CMB dipole direction 36.9 5.7
Cc2 Hel —203.6 —34.4 0.011 —0.09 —0.39 (188.1,52.3) 55.5 6.7
C1 LG —1501 —39.6 0.012 —0.411 0.29 CMB dipole direction 119.7 > 7
C1 LG —1514 —-32.3 0.014 —0.438 0.42 (247.1,28.1) 132.6 > 7
c2 LG —187.2 —61.4 0.0099 —0.038 —0.56 CMB dipole direction 135.5 > 7
c2 LG —201.0 —64.2 0.0099 —0.01 —0.39 (248.21, 33.63) 149.3 > 7
C1 CMB —1518 20.5 0.011 —0.39 0.26 CMB dipole direction 28.3 5.0
C1 CMB —1532 17.0 0.0155 —0.455 0.57 (312.2,18.9) 42.4 5.7
Cc2 CMB —188.3 21.1 0.011 —0.03 —0.51 CMB dipole direction 31.8 53
Cc2 CMB —168.1 22.5 0.014 —0.13 —-0.2 (303.3,10.8) 51.3 6.4
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Fig. 8 Mollweide view of the direction of the dipole in the deceleration
parameter inferred from Pantheon+ SNe Ia, in the heliocentric, Local
Group and CMB frame.The (magenta) star denotes the direction of
CMB dipole. The solid and dashed lines denote 1o and 3¢ contours
around the best-fit points for analysis C1 in the top panel and for analysis
C2 in the bottom panel, i.e., respectively, with and without sample and
redshift-dependence in the light curve standardisation

arrive at (restricting to sub-Hubble scales):

1
q_qz_DaAaz

1 2
3T —— D%, (22)

9H3

with g and g representing the deceleration parameters mea-
sured by the bulk-flow observers and in the CRF respec-
tively [46,47]. Therefore, g # g, solely due to the peculiar
motion of the matter. The spatial Laplacian on the r.h.s. above
implies scale-dependence. After a simple harmonic decom-
position we obtain:

3 1 /ag\> o
q=q+§(TH) o (23)

where Ay is the Hubble radius and X the scale of the bulk-
flow. Expressions (22) and (23) are identical to those obtained
in Refs. [46—48], but here we have provided an alternative

derivation.® Accordingly, § may have a negative value even
when ¢ is globally positive, on sub-horizon scales (where
Ag /A > 1)inalocally contracting bulk flow (where ¥ < 0).
A recent study using the 2M++ survey data suggests that our
local bulk flow is indeed contracting [51].

4.4 Bulk flows and apparent dipoles

Thus if the acceleration inferred from SNe Ia observations is
an artefact of our local bulk flow, there should be a (Doppler-
like) dipole in the sky-distribution of gg, and its magnitude
should decay with increasing redshift [18]. Now we demon-
strate how such a apparent dipole in go emerges, entirely
because of the (tilted) observer’s relative motion, rather than
being an intrinsic anisotropy. Evaluating the deceleration
tensor in the bulk flow frame (Qabn“nb ) and in the CRF
(Qupn®n®), and projecting them along a fixed spatial direc-
tion (n,) yields:

- 1 1
Qupn®n® = Qabn“nb+ﬁ n“Dy, [(Ub - E%) nb} ., (24)

given the linear commutation law (Dpv,) = Dy, — HDpu,,.
Since there is no anisotropy in the CRF, Q,»n“n? = ¢. Then,
defining V, = v, — 0,/H and V = V,n?, we get:

Oupn’n® = q +nD,V, and
Qupn®n® = g —n“D,V , (25)

when V, 11 n, and V, 1| n, respectively. Consequently,
bulk-flow observers moving with peculiar velocity v, will
assign the value (25a) to the deceleration parameter along
ng = v, — U,/ H. At the same time, observers moving the
opposite way (with v, = —v,) will measure the value (25b)
along the same direction. Thus Egs. (25a) and (25b) denote
a Doppler-like dipole due to the observers’ peculiar motion.
Note that the direction of the g-dipole (n,) and that of the
local bulk velocity (v,) may not coincide exactly; the key
prediction, however, is that the dipole should decay with red-
shift as its magnitude depends on the spatial gradient of the
velocity field as seen in Egs. (24) and (25).

Expressions analogous to (24) and (25) apply to the expan-
sion tensor as well. In particular, evaluating Eq. (19) in both
the CRF and the bulk flow frame, and then comparing the
linearised results, yields:

Oupnn® = H +n"D, (vbnb> = H £ n“D,v, (26)

where the + signs correspond to v, 11 n, and v, 1 ng
respectively. Thus the bulk flow induces a (Doppler-like)

9 Although Eq. (23) has been derived here for simplicity on an Einstein-
de Sitter background, it holds in all perturbed FLRW and Bianchi mod-
els [48].
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Fig. 9 Scale-independent g4 evaluated in 17 shells each containing
around 100 supernovae, with all other parameters held fixed, plotted
against the median redshift of the shells. The analyses are done in
heliocentric, local group and CMB frames, with the direction fixed to
the CMB dipole. The gray shaded region corresponds to z < 0.0667
i.e. distance < 200h~'Mpc. Error bars are 1o. The parameterisation

dipole in the Hubble parameter too. As with the g-dipole,
the magnitude of the H-dipole should also decay with red-
shift (as is in fact seen in Fig. 3). However since the g-dipole
is also affected by the time-derivative of the peculiar velocity
(vg), its magnitude and direction may differ from those of the
H-dipole.

5 Discussion

To place the present work in context, we now comment on
several other studies of anisotropy in the Pantheon+ cata-
logue [52-60], all of whose findings are shown together in
Fig. 10 for easy comparison. It should be emphasised how-
ever that the methodology, and even the data set used, varies
between the authors. For a fair comparison, it is essential that
only public data available on a version controlled repository
be used, as there have been instances of sudden changes in
supernova data without any explanation provided as noted in
Ref. [61] regarding the Pantheon catalogue [62].

Reference [52] examines anisotropies in the fitted value
of Q4 and reports two major dipoles, one of which lies close
to the North Galactic Pole-South Galactic Pole axis, while
the other lies 50° away from the CMB dipole and within 3o
of the dipole direction we find in go (in the CMB frame). The
authors believe that the first dipole may be due to anisotropic
sky coverage of Pantheon+ SNe Ia, while the second is con-
sistent with expectations for the tilted universe [46—48], as
outlined in Sect. 4.

References [53] and [54] determine the dipole in Hy in the
CMB frame using redshifts which also incorporate peculiar
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employed is scale-independent, i.e. ¢ = gm + ¢4 - 7 within each shell.
The left panel corresponds to analysis C1 while the right panel corre-
sponds to analysis C2, i.e., respectively, with and without sample and
redshift-dependence in the light curve standardisation. The observed
decay of the dipole in the deceleration parameter with redshift is a key
prediction of the tilted universe scenario as explained in Sect. 4

velocity corrections for the SNe Ia host galaxies (i.e. zup);
they find Hy to be larger in the hemisphere encompassing the
CMB dipole direction, similar to our result. Reference [53]
estimates the anisotropy in matter density 2, and Hy using a
‘region fitting method’, finding an anisotropy in both at 2.8¢
and 4o, respectively. For the Hy anisotropy, the direction
of the dipole they find for the full redshift range is within
(2-3)0 of our estimated dipole direction in the CMB frame,
for analysis C1 and C2 respectively; they obtain AHy ~
2kms~! Mpc~!. Reference [54] estimates the anisotropy in a
similar redshift range 0.0233 < z < 0.15 to our analysis, and
finds variations of 4 kms~!'Mpc~! in the Hubble parameter.
Their dipole direction is within 30 of our estimate for the
Hubble dipole (in the CMB frame) in the same redshift range.

Reference [55] estimates the anisotropy in both g and H
employing Padé approximants, obtaining results which are
within 3o of our estimated Hubble dipole direction. However,
their estimate for g4 in the CMB frame is compatible with
zero and disagrees with our result; this is likely because of
their use of zgp (see comment below).

Reference [56] estimates the dipole in the deceleration
parameter along with the quadrupole in the Hubble parame-
ter. We see a dipole of comparable size in a similar redshift
range, z = 0.023 — 0.8, but find that the evidence for a
quadrupole component to the Hubble expansion is signif-
icantly weaker than that for the dipole in the deceleration
parameter (see Appendix A). Reference [63] too had noted
the absence of significant quadrupolar or higher order mul-
tipole components in the Pantheon catalogue.

The direction of the dipole in gg obtained in Ref. [57] is
very close to ours with a redshift cut of z = 0.00937. With
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Zeut = 0.01, they infer the direction (141.1°, 34.4°) which is
just 7.1° away from the dipole we find with our C1 analysis
in the heliocentric frame, and 7.5° away from our C2 analysis
result, also in the heliocentric frame.

Reference [58] investigates anisotropy in the absolute
magnitude of Pantheon+ supernovae using the ‘hemisphere
comparison’ Method. They employ zpp in their analysis and
find consistency with isotropic Monte Carlo simulations in
most redshift bins, but a sudden anisotropic transition in the
lowest redshift bin at 30 Mpc.

Reference [59] also tests the anisotropy of the decelera-
tion parameter in the redshift range, z = 0.01 — 0.1 using the
cosmographic luminosity distance expansion to 2nd-order.
They find a maximum variation of A, = 3.06 and conclude
that g is isotropic, again because of using zyp in their anal-
ysis. Moreover their anisotropy direction does not align with
the g4 direction from our analysis.

Reference [60] investigates the dipole anisotropy in the
distance modulus in different redshift ranges, finding a very
small dipole and consistency with isotropy. However, the
directions they find all lie within 30 of the dipole we see
in the Hubble parameter in the CMB frame.

Reference [64] analyzes Pantheon+ using cosmography
and estimates a local monopole along with a dipole in the
redshift. From the monopole, they infer a local infall within
asphere of radius 1204 ~! Mpc with a velocity ~ 100 kms ™!,
while the dipole is interpreted as due to a bulk flow of
317 kms~! in the direction (RA, Dec) = (204°, —53°) close
to the Shapley supercluster. Note that the local infall reported
[64] suggests that our Galaxy resides in a contracting bulk
flow, in agreement with the study [51] and in line with the
expectation in the tilted-universe scenario [46—48].

It is worth noting that some degree of anisotropy was also
found in the Pantheon dataset [62], the predecessor to Pan-
theon+. Reference [65] found a directional dependence in Hy
aligned with the CMB dipole, with A Hy ~ 1 kms™'Mpc~.
Ref. [66] demonstrated that sample variance can lead to fluc-
tuations in Hy of order 1 kms~!Mpc~! but also found a
variation of 4 km s ~!Mpc~! between two hemispheres, with
systematically higher Hy in the hemisphere aligned with the
CMB dipole direction. Earlier, a general method taking into
account possible directional variations of SNe Ia light curve
corrections had been proposed and applied to the Union 2.1
catalogue, also finding the strongest deviations from isotropy
in the CMB dipole direction [67].10

As is evident from Figs. 6 and 7, there is a system-
atic increase in the isotropic component of the decelera-
tion parameter g, in analysis C1 (in which only cosmolog-
ical parameters are estimated, employing distance moduli

10" Other indications of anisotropy from quasars and GRBs [68], lensed
quasars [69] etc, all correlated with the CMB dipole direction, have
been reviewed elsewhere [70].

which are already incorporate light-curve standardisation),
compared to analysis C2 (in which the cosmological and
light-curve correction parameters are estimated simultane-
ously). This is as expected since the Phillips-Tripp corrected
magnitude m peor 1S obtained allowing sample and redshift-
dependence in the stretch (x1) and colour (c) standardisation,
as advocated in Ref. [39], which has the effect of enhanc-
ing the inferred acceleration. However, as noted earlier, this
undermines the utility of SNe Ia as standardiseable can-
dles [40]. While there may be no consensus on whether x;
and ¢ should be allowed to be sample- and redshift-dependent
[33,39,40,71], the observed decay with redshift of the dipole
in the deceleration parameter, as predicted in the tilted uni-
verse scenario, is independent of the specific choice of how
x1 and c are treated (see Fig. 9). The relative size of Hq in
each shell vis a vis the uncertainty claimed by SHOES on H
is also largely independent of this choice (see Fig. 3).

All these studies of anisotropy in Pantheon+ supernovae
reveal a consistent pattern. When the data are analysed in
the CMB frame (i.e. observables are corrected only for
our inferred velocity of 368.9 kms~! w.r.t. the CRF of the
assumed FLRW model), the dipole anisotropy is compati-
ble in size and direction with the local bulk flow [10,12,19],
and that reported using X-ray clusters [72]. When heliocen-
tric observables are employed, the direction and amplitude
of the dipole anisotropy are compatible with those found
earlier [16]. When a study reports no statistically significant
anisotropy, or a completely different direction, it is because
of using observables (zyp = z) which have been corrected
for both the motion of the observer, as well as the motion of
the host galaxy w.r.t. the CRF — thus effectively isotropising
the data (as seen in Figs. 3 and 9). However, this proce-
dure is now questionable because of the recent finding that
the dipole anisotropy in the sky distribution of radio sources
and quasars does not match that expected due to our pecu-
liar motion as deduced from the CMB dipole [7-9], i.e. there
is no frame in which both the CMB and distant matter are
both isotropic. It can no longer be argued that the dipole in the
deceleration parameter can be transformed away by boosting
to this mythical frame [33].

It is noteworthy that the anisotropy in gg is maximum in
the LG frame (see Fig. 9) which may be identified with the
‘tilted observer’ embedded in the local bulk flow. Also when
the anisotropy in Hy determined using SNe Ia as indepen-
dent distance indicators is interpreted as a bulk flow [10,11],
its velocity is lower than that reported by studies utilising
other tracers [12,72]. This may be because SNe Ia compila-
tions have evolved historically through a process of outlier
rejection, which has biased the samples towards the ACDM
expectation (see Table 1 of Ref. [40]).
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Fig. 10 Mollweide view (galactic coordinates) of all dipoles found in Pantheon+, along with the dipole directions and 3¢ contours obtained in the

present analysis

6 Conclusions

In this paper we have studied the anisotropy in the kinematics
of the expansion of the Universe with close attention to the
choice of the observer frame and the peculiar velocity correc-
tions applied to the data, using the Pantheon+ catalogue of
SNe Ia. As seen in Fig. 3, there is a significant anisotropy
in the Hubble expansion rate in our local neighbourhood
(z = 0.023 —0.15) where SNe Ia are calibrated by Cepheids.
This anisotropy is larger than the 1.0 kms~'Mpc~! precision
claimed in the SHOES analysis [14] carried out in the FLRW
framework. It is clear however that the local Universe can-
not be thus modelled to this precision. The formulation of
the ‘Hubble tension’ does not consider systematic deviations
from FLRW such as the anisotropies in the Hubble expansion
that we have uncovered.

Concerning cosmic acceleration, we find results using
Pantheon+ consistent with those obtained earlier using the
JLA catalogue [16], namely that it is mainly directed along
our local bulk flow. That analysis was carried out in the helio-
centric frame, but as seen in Fig. 5, the conclusion still holds
in the CMB frame and is particularly pronounced in the Local
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Group frame. The anisotropy is minimised if the redshifts
are corrected further for the peculiar velocities of the SNe Ia
wrt the CMB frame, however there is now a question as to
whether this procedure is valid, given the mismatch between
the CMB frame and the frame in which distant matter is
isotropically distributed, as revealed by the Ellis & Bald-
win test [7]. As seen in Figs. 6 and 7, the monopole com-
ponent of go remains consistent with zero, unless the light
curve standardisation are allowed to be sample and redshift-
dependent, while maintaining that the absolute magnitude
remains invariant.

It would be helpful to do further checks with the UNION3
compilation of 2087 SNe Ia of which 707 are at redshift
z < 0.1 [73], when it is made public. It uses the updated
SALT3 light-curve fitter, as does the DES5Y sample of 1635
SNE Iain the redshift range z = 0.0596 —1.12 from the Dark
Energy Survey plus 194 SNe Ia atredshift z < 0.1 [74]. How-
ever the 118 SNe Ia common to these compilations at z < 0.1
have a systematic offset in magnitude of ~ 0.05 mag between
the two catalogues [75]. Such systematics issues will have to
be resolved in order to make progress. The Zwicky Tran-
sient Facility has already detected 3628 SNe Ia at z < 0.3



Eur. Phys. J. C (2025) 85:596

Page 150f20 596

[76]. Hundreds of thousands of SNe Ia will be measured
in the forthcoming Legacy Survey of Space and Time at
the Rubin Observatory [77]. There are therefore excellent
prospects for establishing at high significance whether the
acceleration inferred from the supernova Hubble diagram
is indeed anisotropic. This would confirm that it cannot be
ascribed to A but probably a general relativistic effect due to
the local bulk flow. More generally, the standard assumption
of isotropy and homogeneity in analysing cosmological data
will be better tested with the advent of surveys covering large
areas of the sky, paving the way to the construction of a more
realistic cosmological model.
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Appendix A: Quadrupole in the Hubble expansion

Reference [83] provides a general, background-independent
cosmographic luminosity distance formula upto the third
order for an anisotropic universe. When dealing with null
curves/rays, the general multipolar Hubble parameter is [83].

1
H(e) = 59 —ela, +etevoy , (A1)

where 6 is the volume scalar, e* is the direction of observa-
tion, a** is the four-acceleration and o, is the shear tensor. If
we ignore the four-acceleration, but keep the shear nonzero, !
the residual part of Eq. (A1) also follows from the timelike
expression (19), after projecting it twice along a given spa-
tial direction. With only the quadrupolar term remaining, the
generalised Hubble parameter can be expressed a:
H(e) = Hy + Hq.eeF(z, Sq) (A2)
Here Hy, is the monopole component of the Hubble parame-
ter, Hg, the quadrupole tensor and e the direction of SNe Ia.
F(z, Sq) is the assumed decay function for the quadrupole.
Similarly to Ref. [56], we estimate the quadrupole in the
Hubble parameter, along with a dipole in the deceleration
parameter, within the same redshift range of z = 0.023 —0.8.
We adopt the same parameterisation as for the deceleration
parameter, Viz. ¢ = gm + ¢4 - ne~/Sdp | with the dipole
direction fixed to the CMB dipole direction. As for the Hub-
ble parameter, we parameterise it following Ref. [56] as:

H = Hm[1+ (A -c0s20] + A3 -cos?0r — (A +A2) - cos203]e %/ Sa
(A3)

with the direction of quadrupole fixed to the one obtained
in Ref. [84], and S fixed to values as shown in Tables 6, 7,
8 and 9. For consistency with Ref. [56] we do not reverse
any bias corrections in this analysis. The last row in all the
tables corresponds to the case where only a dipole in the
deceleration parameter is fitted.

We find that the evidence for a quadrupolar component
to the Hubble expansion is significantly weaker than that
for the dipole in the deceleration parameter. Additionally,
the evidence for a quadrupole is stronger, compared to the
heliocentric frame, when analysed in the CMB frame with
SNe Ia peculiar velocity corrections incorporated, i.e. the
CRF (zyp). Simultaneously estimating the quadrupole in the
Hubble parameter and the dipole in the deceleration parame-
ter does reduce the magnitude of the dipole in the heliocentric
frame, as was noted in Ref. [56]. However, in the CMB frame
with peculiar velocity corrections, the amplitude of the dipole
is observed instead to increase.

I Neglecting the four-acceleration means from the theoretical point
of view, that peculiar motion effects are bypassed. Keeping the shear
non-zero implies that there is intrinsic spacetime anisotropy.
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Table 6 Parameters describing a quadrupolar component to the Hubble
expansion rate and a dipole in the deceleration parameter in the helio-
centric frame from analysis C1 (which employs sample and redshift-
dependent light curve standardisation). Each row corresponds to a dif-
ferent fixed Sy value, with the final row representing the case where

the quadrupole is set to zero. @ denotes the statistical significance with
which the ‘no-quadrupole’ hypothesis is rejected according to the like-
lihood ratio, using Wilks’ theorem (with 3 d.o.f.). (when the dipole
direction is fixed)

Sq H, Al Ao q4 Sdip dm Jo — Sk a (3D.O.F)
0.03/In2 71.0 0.017 —-0.014 —1.8 0.067 —0.39 0.53 0.17
0.06/In 2 71.0 0.016 —0.008 —-1.9 0.065 —0.39 0.50 0.4

0.1/In2 70.9 0.014 —0.005 —-1.9 0.064 —0.390 0.55 0.59

- 71.1 - - —-1.7 0.069 —0.423 0.648

Table7 Parameters describing a quadrupolar component to the Hubble
expansion rate and a dipole in the deceleration parameter in the helio-
centric frame from analysis C2 (which employs sample and redshift-
independent light curve standardisation). Each row corresponds to a
different fixed Sy value, with the final row representing the case where

the quadrupole is set to zero. @ denotes the statistical significance with
which the ‘no-quadrupole’ hypothesis is rejected according to the like-
lihood ratio, using Wilks’ theorem (with 3 d.o.f.). (when the dipole
direction is fixed)

Sq Hn A A2 q4 Sdip Gm Jo — Q% a (3D.O.F)
0.03/In2 70.0 0.021 —-0.014 —4.2 0.028 —0.27 —0.02 0.21
0.06/In2 69.9 0.018 —0.008 —4.5 0.027 —0.26 —0.02 0.39
0.1/In2 69.9 0.016 —0.005 —4.6 0.026 —0.27 0.01 0.52

- 70.2 - - —-3.7 0.029 —0.30 —0.08

Table 8 Parameters describing a quadrupolar component to the Hub-
ble expansion rate and a dipole in the deceleration parameter in the
CRF (CMB frame with peculiar velocity corrections) from analysis C1
(wich employs sample and redshift-dependent light curve standardisa-
tion). Each row corresponds to a different fixed Sy value, with the final

row representing the case where the quadrupole is set to zero. o denotes
the statistical significance with which the ‘no-quadrupole’ hypothesis
is rejected according to the likelihood ratio, using Wilks’ theorem (with
3 d.o.f.). (when the dipole direction is fixed)

Sq Hpy Al A2 qq Sdip dm Jo — Q2 o (3D.O.F)
.03/In2 71.6 0.031 —0.008 1.9 0.0239 —0.48 0.92 0.82
0.06/In 2 71.5 0.023 —0.003 1.9 0.0239 —0.48 0.92 1.11
0.1/In2 71.5 0.019 —0.0006 1.9 0.0239 —0.49 0.99 1.66

- 719 - - 2.4 0.0239 —0.526 1.12

Table 9 Parameters describing a quadrupolar component to the Hubble
expansion rate and a dipole in the deceleration parameter in the CRF
(CMB frame with peculiar velocity corrections) from analysis C2 (wich
employs sample and redshift-independent light curve standardisation).
Each row corresponds to a different fixed Sq value, with the final row

representing the case where the quadrupole is set to zero. o denotes
the statistical significance with which the ‘no-quadrupole’ hypothesis
is rejected according to the likelihood ratio, using Wilks’ theorem (with
3 d.o.f.). (when the dipole direction is fixed)

Sq Hp, Al Y q4 Sdip Gm Jo — S a (3D.O.F)
0.03/In2 70.5 0.034 —0.009 0.8 0.07 —0.367 0.39 0.91
0.06/In2 70.5 0.024 —0.003 0.8 0.07 —0.368 0.412 1.09
0.1/In2 70.5 0.019 0.0003 0.8 0.07 —0.38 0.478 1.19

- 70.8 - - 1.0 0.06 —0.414 0.589
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Appendix B: Treatment of covariance matrices theon+ statistical+systematic covariance [2], and the matrix
constructed in Ref. [25].
The Pantheon+ covariance matrix [2] accounts for both sta-
tistical and systematic uncertainties, however, unlike for the
joint lightcurve analysis (JLA), it does not allow for decom-  peoferences
position into individual systematic components, as their indi-
vidual covariance matrices are not explicitly provided. Ref- 1. J.M. Stewart, D.W. Sciama, Peculiar velocity of the sun and its
erence [25] therefore augmented the Pantheon+ covariance relation to the cosmic microwave background. Nature 216, 748—

753 (1967). https://doi.org/10.1038/216748a0
2. D. Brout et al.,, The Pantheon+ analysis: cosmological con-
straints. Astrophys. J. 938(2), 110 (2022). https://doi.org/10.3847/
— 1538-4357/ac8e04. arXiv:2202.04077 [astro-ph.CO]
¢ Chie + Cotar + Cdupl + Criroprs + Cumuorrs. (B4 3. N. Aghanim et al., Planck 2018 results. I. Overview and the cosmo-
logical legacy of Planck. Astron. Astrophys. 1, 641 (2020). https://
where: doi.org/10.1051/0004-6361/201833880. arXiv:1807.06205
[astro-ph.CO]
4. T. Abbott et al., Dark Energy Survey year 1 results: cosmolog-
Cge: The SALT2 fit covariance matrix, derived from the ical constraints from galaxy clustering and weak lensing. Phys.
terms in the Pantheon+ table. Rev. D. 98(4), 043526 (2018). https://doi.org/10.1103/PhysRevD.
98.043526. arXiv:1708.01530 [astro-ph.CO]

matrix with additional components thus:

Cswt: The statistical covariance matrix, which incorporates 5. A.G. Adame et al., DESI 2024 VI: Cosmological constraints
the terms Ul%ns and o 22 . Itis important to note that, unlike from the measurements of baryon acoustic oscillations. JCAP
Pantheon+, this matrix does not include o2 o2 o2 02, 021 (2025). https://doi.org/10.1088/1475-7516/2025/02/021.

’ floor> “scat> ~ gray .
and o2, as these terms depend on the assumed cosmo- arXiv:2404.03002 [astro-ph.CO]
_vpee? P 6. G. Ellis, J.E. Baldwin, On the expected anisotropy of radio source
logical model. counts. Mon. Not. R. Astron. Soc. 206(2), 377-381 (1984). https://

Caupl: The contribution from duplicate observations. doi.org/10.1093/mnras/206.2.377

Crrrorts and Cyvuoprs: These correspond to systematics 7. N.J. Secrest, S. Hausegger, M. Rameez, R Mohayaee, S. Sarkar,
and are calculated as Ci j Z o0 dr i, ) where A challenge to the standard cosmological model. Astrophys.

_ syst = 2y Oy Oy Oy L7 A J. Lett. 937(2), 31 (2022). https://doi.org/10.3847/2041-8213/
the sum is over all systematic uncertainties . This for- ac88c0. arXiv:2206.05624 [astro-ph.CO]
mula accounts for the impact of various calibration uncer- 8. L. Dam, G.F. Lewis, B.J. Brewer, Testing the cosmolog-
tainties of the light curve parameters over different sys- ical principle with CatWISE quasars: a Bayesian analysis

of the number-count dipole. Mon. Not. R. Astron. Soc.
. o 525(1), 231-245 (2023). https://doi.org/10.1093/mnras/stad2322.
peculiar velocities). arXiv:2212.07733 [astro-ph.CO]
9. J.D. Wagenveld, H.-R. Klockner, D.J. Schwarz, The cosmic radio
. X dipole: Bayesian estimators on new and old radio surveys. Astron.
Figure 11 compares the diagonal oy, m, component of Astrophys. 675, 72 (2023). https://doi.org/10.1051/0004-6361/
JLA [15] with the corresponding o, ,,;, component of Pan- 202346210. arXiv:2305.15335 [astro-ph.CO]

tematic effects (excluding the calibration associated with
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